Multi-axial fatigue life assessment is important in power generation, aerospace, automotive, and many other industries. The newly developed path-dependent multi-axial cycle counting and fatigue life assessment method has been shown effective for some applications. For instance, when stress range is used as the only driving force for fatigue failure, the method correlates high cycle fatigue test data well. The method consists of two parts: (1) maximum-range (or maximum distance ) based cycle counting method, so that the method can be applied to 2-D and 3-D stress or strain space, as compared to the conventional rainflow counting method, which is based on the peak-valley concept, therefore, can be applied only to uniaxial (1-D) loadings; and (2) a path-length based stress range is used as the fatigue damage parameter replacing the traditional concept of stress or strain range, which is the difference between the peak value and the valley value of a cycle. This method has been justified using the classical fracture mechanics in multidimensional stress space.
INTRODUCTION
Fatigue evaluation of components and systems has become an integral part of design process in several industries [1] . Many engineering systems such as pressure vessels, gas turbines, and ground vehicles, are subjected to variable amplitude multi-axial fatigue loading, in which more than one stress or strain components are operative [2] . Therefore, the multi-axial stress states should be properly considered in engineering designs, especially for variable amplitude non-proportional loading [2] .
Two major difficulties are encountered in dealing with variable amplitude multi-axial fatigue life evaluation: (1) lack of a reliable and consistent definition of an effective damage parameter, and (2) lack of consistent cycle identification or cycle counting procedure. First, loading path effect should be adequately considered in fatigue life assessment [3] [4] [5] [6] [7] , for example, it has been observed that the fatigue life is pathdependent in stress space under non-proportional loading. For ductile materials such as welded steel joints, test data have shown that, under non-proportional loading conditions using a sinusoidal wave form with a phase shift between bending and shear stresses, a phase shift of 90 o appears to be the most damaging condition, while 0 o (in-phase) is the least [3] [4] [5] .
Second, it is difficult to directly extend traditional rainflow cycle counting methods [8] or hysteresis loop identification methods [1] to variable amplitude multi-axial loading histories. Wang and Brown [9] developed a procedure to identify effective stress ranges (in a stress or strain plane) and the corresponding cycles for analyzing variable amplitude nonproportional loading time histories. But the method does not address path-dependency effect on one hand and may miss the maximum effective range available in a time history on the other hand [9] . Recently, a new path-dependent multi-axial cycle counting method (path-dependent method for short) and an effective numerical procedure for fatigue life assessment of welded structures have been developed [10] [11] [12] . The method consists of two parts: (1) search the maximum effective stress range (i.e., the maximum distance) in a given time history in stress (or strain) space to register each half cycle, and (2) calculate the corresponding path length traversed in either stress or strain space to complete the half cycle. Thus path lengths in stress space and the corresponding cycle numbers can be effectively calculated and eventually used for correlating a large amount of variable amplitude multi-axial fatigue data.
It should be noted that the path-dependent cycle counting method as described in [10] [11] [12] was proposed for high-cycle fatigue, where the fatigue life is stress range controlled. Additionally, it is based only on stress range, a single oneparameter driving force, while the mean stress effect is ignored. The purpose of this paper is to pursue additional applications of the method with emphasis on strain-controlled low-cycle fatigue process and two-driving force approach.
ANALYSIS

Strain Based Low Cycle Fatigue Tests
There are many strain-based fatigue test data available in the literature and only Itoh et al.'s test data [13, 14] will be used here to validate the path-dependent method. Strain is believed to be more appropriate for low cycle fatigue analysis, especially at high temperature conditions. Fatigue experiments on 304 stainless steel hollow cylinder have been conducted with pushpull/reversed torsion servo-hydraulic low cycle fatigue machine, and both axial and shear strain were measured [13] . von Mises's equivalent strain controlled tests were conducted using strain paths shown in Fig.1 , in which the total axial strain range, In Itoh's papers, one cycle is defined as a full straining for both axial and shear cycles. Thus, Cases 3, 4, and 13 were counted as two cycles while all others were counted as one cycle. The number of cycles to failure, f N , was defined as the cycle at which the axial stress amplitude, σ ∆ , decreased 5 percent from its cyclically stable value. It was found [13, 14] that in nonproportional cyclic tests fatigue lives are decreased by as much as a factor of 10 in comparison with those in proportional loading tests with the same strain range. The reason of the reduced fatigue life was attributed to additional nonproportional cyclic hardening [13, 14] . A nonproportional cyclic hardening parameter computed from the strain path was proposed that allows life estimates to be obtained directly from the strain history without the need for a cyclic plasticity model [13, 14] . The following methods have been used by Itoh et al. [13] to correlate experimental data:
1. Maximum principal strain range 2. COD strain range 3. ASME Equivalent strain range 4. Strain path length (Kitade et al.1987 ) [15] 5. Itoh's equivalent nonproportional strain (additional cyclic hardening considered)
In this section, the strain path length approach proposed by Kitade et al. [15] is compared with the path-dependent method used here. The two methods have some similarities but are essentially different. For example, the mathematical formula Itoh et al. [13] cited from Kitade et al. (1987) 
e path [10] [11] [12] .
Itoh's conclusions are (a) strain path length method proposed by Kitade et al. [15] is the second best method in data correlation; (b) strain path length method "yield a conservative estimate for most of the data but a nonconservative estimate for some data" [13] . The correlation of fatigue lives with the equivalent strain range based on strain path length is plotted by Itoh et al. [13] in Fig. 2 . We can clearly see that Case 1, Case 2, Case 6, and Case 7 are systematically higher than the narrow band while Case 3, Case 4, Case 12, Case 13 are below the narrow band. The path-dependent method and Itoh's path length method [13] give different results for Cases 1, 2, 3, and 4, but same results for the other cases, see Table 1 . Table 1 The cases for which the path-dependent method and Itoh's path length method give the same counting results
With the path-dependent cycle counting method [10] [11] , Cases 1 and 3 have the same cycles but different ranges. It is reasonable because Cases 1 and 3 have similar strain paths but with different amplitude. By contrast, as suggested by Itoh et al., Cases 1 and 2 were considered as loading paths with a full cycle for each case, and Cases 3 and 4 with two cycles. However, all the cases result in the same cycles but different ranges using the path-dependent method. It can be seen that the path-dependent method has a consistent, clearer and more reasonable definition of cycles and the corresponding ranges than Itoh's treatment [10] [11] . Since the path-dependent method and Itoh's method give different counting results for Cases 1, 2, 3, and 4 it would be interesting to see how the path-dependent method works for these cases. In fact, with flip, rotation, and strentching operation, Case 1 is equivalent to Case 3, and Case 2 can be transformed to Case 4. The case 2 and case 3 are essentially different in loading path. The detailed counting results are shown in Table 2 (on the last page of the paper). The fourth, fifth, and sixth columns of Table 2 list cycles counted, the range for the cycle, and the path length calculated using the path-dependent method for each of the straining pattern. The last column of Table 2 lists the final effective strain range (in terms of path length) and the corresponsing cycles for a given straining pattern.
Results from Itoh's path length method and path-dependent method are shown in Fig.3 . It turns out that the path-dependent method gives a much better correlation than Itoh's path lengh method ( 5216 . 0 2 = R for Itoh's method versus 8403 . 0 2 = R for the path-dependent method in terms of correlation coefficient). It should be noted that the values of correlation coefficient were obtained using Excel spreadsheet and different results can be obtained using other methods. Actually, the data correlation for all four Cases has been improved to some degree by using the path-dependent method, i.e, Cases 1 and 2 go down into the narrow band and Cases 3 and 4 go up into the narrow band. However, at present, we cannot explain why Cases 6, 7, 12 and 13 are still located outside of the narrow band. It is desirable to rank the relative damage effect for all Cases studied and they are listed in Table 3 
Table 3
Ranking of the straining patterns by damage
Two-Parameter Based Data Interpretation
The Paris law [16] with one-parameter driving force, K ∆ , (i.e., the applied stress intensity range) has been widely used in fatigue crack growth analysis. A limitation of the Paris law is its inability to describe the mean stress effect which is important for some welded and non-welded materials. Experimental results have shown that a more general crack growth law should be used for more accurate modeling and the formula can be expressed as [17, 18] : The fundamental recognition of the two-parameter approach is that with increasing mean stress the fatigue damage monotonically increases. Hence, max K essentially controls the breaking of bonds that build up the required internal stresses and the dislocation substructure which govern crack nucleation and growth, while K ∆ controls the extent of plastic zone [17] . However, the above-listed conventional two-parameter approaches cannot be readily applied to multi-axial and nonproportional states of stress. To overcome the disadvantages of these two-parameter methods, the following two-parameter path dependent crack growth model is proposed, Eq.(2). σ is the maximum principal tensile stress and S ∆ is the stress path length. The reason for choosing 1 P σ as one of the crack growth driving force is that experimental observations show that the fatigue crack growth is perpendicular to the principal stress direction for both proportional and non-proportional loadings [2] . In Eq. (2) 2). To test the loading path effect on fatigue crack growth behavior under mixed mode loading, single edge specimens made of 1070 steel have been tested at room temperature and subjected to the three combined axial-torsion loading paths as shown in Fig. 4 [21] . Path-I had a proportional loading, where the axial and the torsional loads were increased and decreased proportionally (in-phase) during the loading cycle; in path-II the torque decreased/increased with increasing/decreasing axial load (inverse phase); and in path-III a circular path in the axial load-torque coordinates was followed and it is referred to as 90° out-of-phase loading, Fig.4 . Even though all these three loading paths had identical loading amplitudes, the crack growth behavior was found to be critically dependent on the loading path. Path III resulted in the fastest crack growth rate, path II produced the least crack extension and the crack growth rate of path-I lies between the crack growth rates of the other two paths; e.g. see Fig. 5 . The current fatigue crack growth models cannot account for the observed crack growth behaviors because these three loading paths have identical amplitudes and effective stress intensity range [21] . This problem can be resolved using the proposed two-parameter path-dependent fatigue crack growth model by balancing contributions of the maximum principal stress and the path length. Detailed analysis shows (omitted here) that for the same path length, path-I is more damaging than path-II because the amplitude of the maximum principal stress of path-I is higher than that of path-II. Furthermore, the maximum principal tensile stress of path-I is higher than that of path-III but its longer path length results in net higher crack growth rate. Analysis of the crack growth data provided below can help to further understand the competing mechanisms of the two introduced parameters. Fig. 5 is re-plotted in Fig. 6 in terms of fatigue crack growth rate versus the fatigue crack length. It is clear that the crack growth rates show a strong intrinsic scatter. However, the distinction in data for these three loading paths is obvious, and can be clearly seen from the least squares fitted curves plotted in the Figure. The mathematical relationship becomes clear when the data in Fig. 6 is re-plotted on log-log scale, Fig.7 , in which the least squares fits are straight lines. It is interesting to note that slopes of the straight lines obtained by fitting data of paths I and II are 4.88 and 5.16, respectively, very close to each other; however, a higher value, i.e., 5.91, of the slope is obtained for path-III because of high uncertainty of crack growth rate at small crack length. Overall the slope of the three straight lines can be approximated as 5.0. , and 4 . 8 = c indicating that both the maximum principal stress and the loading path play important roles in fatigue crack growth with the later playing a more significant role.
Data Showing Insensitivity to Out-of-Phase Multi-axial loading
Sonsino et al.'s test data [3, 6] will be analyzed here to validate the path-dependent model. Tests were performed under pure bending, pure torsion and combined bending and torsion with in-phase and out-of-phase fully reversed ( 1 − = R ) loading. For biaxial loading, the nominal shear stress was kept equal to 58% of the nominal bending stress, according to the von Mises hypothesis.
Steel's response is found to be strongly path-dependent, Fig. 6(a) [3] , and some data correlation have been provided [11, 12] . An interesting and important result of works on Al alloys is that the experimental data reveal no difference between cycles to failure under in-and the out-of-phase loadings, Fig. 6(b) , which is contrary to what is observed for steels [3, 6] . The application of the conventional strength hypotheses like the von Mises, the Tresca and the maximum tensile principal stress cannot describe this behavior; they all predict an increase in fatigue life for the out-of-phase loading [3, 6] . However, the proposed two-parameter path-dependent fatigue crack growth model can effectively solve this problem. The fatigue S-N curve, Eq. (4), derived from the crack growth model, Eq. (2) [11, 12] , can be expressed as In other words, to have the same fatigue life for the aluminum alloy for both in-phase and out-of-phase loadings, exponents m and n must satisfy a certain relation. Once again, this example demonstrates that both the maximum principal stress and the loading path play important roles in fatigue crack growth with the path length playing an important role. Overall, with the proposed path-dependent two-parameter model, the crack growth rate and the final fatigue life are determined by the competition between the path length and the maximum tensile principal stress. For example, for ductile materials, the fatigue life is dominated by the path length, which is higher for the out-of-phase loading than that for the in-phase loading; for brittle materials, the fatigue life is controlled by the maximum tensile principal stress, which is higher for in-phase loading than that for out-of-phase loading. For semi-ductile materials, contributions from both the path length and the maximum tensile principal stress are nearly equal to each other; therefore, the overall net results are comparable for both inphase and out-of-phase loading. These conclusions are consistent with the experimental observations [7, 17] .
CONCLUSIONS
Several potential applications of the path dependent cycle counting and fatigue life assessment method have been examined in this paper. Data correlation demonstrates that the method can correlate strain based test data well. A twoparameter fatigue driving force approach is implemented into the path-dependent mixed-mode fatigue crack growth model that has the following two advantages: (1) the mean stress effect is considered through the terms max K or max σ ; (2) loading path effect under multi-axial fatigue loading is explicitly considered. This new model with the two parameters can successfully interpret some multi-axial test data, which can not be addressed by other methods.
